Proof. (i) First, F Xt (x) = P (X t ≤ x) ∈ C 1 because X t has a continuous distribution under P . Second,
Therefore, e −σx F Xt (x) is of bounded variation on R for any σ ∈ (0, σ u ).
(ii) EuC(k) can be rewritten as
where the second equality holds because of the change of measure with
Because S t has a continuous distribution under both P and P , then f 1 (k) and f 2 (k) are in C 1 . Besides,
are both increasing in k. Therefore, applying Lemma 3.1 yields that both f 1 (k) and f 2 (k) satisfy Assumption 1. Note that for any σ ∈ (−1, −σ l − 1),
and for any σ ∈ (0, −σ l − 1),
Proof. Replacing s in (17) by σ + iω with σ ∈ (−M ,Ĝ) yields
where ln(·) is the real natural logarithm function, arg(Z j ) ∈ (−π, π) for j = 1 and 2,
cos(Ŷ π/2) , for j = 1 and 2.
Note that f 1 (|ω|) can be rewritten as
Then for any |ω| > 0, some algebra yields
where
Since z ∈ (0, π/2), we have R(|ω|) > 0 for anyŶ ∈ (0, 1) ∪ (1, 2). Then by (34), we obtain f
ifŶ ∈ (1, 2). It follows that ifŶ ∈ (0, 1), f 1 (|ω|) and f 2 (|ω|) are both decreasing functions of |ω| in (0, +∞). This implies that
, which along with (33) completes the proof for the case ofŶ ∈ (0, 1).
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IfŶ ∈ (1, 2), f 1 (|ω|) and f 2 (|ω|) are both increasing functions of |ω| in (0, +∞). Then for any |ω| >
for j = 1 and 2. As a result, for any |ω| > ω
which along with (33) completes the proof of (18).
Appendix C. Proof of Proposition 6.3
Proof. Substituting σ + iω for s in (19) yields that for any |ω| > ω * := 0,
which completes the proof.
Appendix D. Proof of Propositions 7.1-7.3
We shall defer the proof of Proposition 7.1 to the end because it uses the results of Propositions 7.3. 
It follows that
where the first inequality holds also because ω
ηθ . From the second inequality of (36) we further obtain
A-3 thanks to the fact that |ω| > ω 
where the last inequality holds because (35), (36) and the equality above, we have that for any |ω| > ω * , 
Note that from (21), we can obtain
.
Substituting (35)- (40) into the RHS of the inequality above concludes the proof.
Proof of Proposition 7.3. Definef (T ) :=
s for any Re(s) > 0. Moreover, for any σ > 0 and ω ∈ R, we have
Applying Proposition 7.2 yields
Then by the Bromwich contour integral we obtain
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Proof of Proposition 7.1. Define a function u(
positive and increasing in T when T ≥ 0, and
is of bounded variation on R for any σ > 0, it suffices to prove that for any σ > 0, the function g u (T ) := e −(σ+r)T u(T ) is of bounded variation on R + for any σ > 0.
To this end, we shall first compute the total variation of g u (T ) on the interval [0, A] for any A > 0
, and then show that lim sup {A>0}
where 
where the last inequality is obtained based on the mean value theorem. It follows that
Letting ||∆|| → 0 yields
As for S 
Substituting (43), (44) and (45) Since the bound in the inequality above is independent of A, it follows that g u (T ) is of bounded variation on R + . The proof is completed.
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